Abstract. We survey some old and new results in the theory of derivations on Banach algebras. Although our overview is broad ranging, our principal interest is in recent results concerning conditions on a derivation implying that its range is contained in the radical of the algebra.
In this paper we present a survey of some aspects of the theory of derivations on Banach algebras. No attempt is made at completeness; rather, our intention is to cover the basic theory and to discuss some recent results. We are principally interested in certain results generalising the Singer-Wermer theorem; more precisely, in certain generalisations involving conditions on a derivation that ensure that its range is contained in the radical of the algebra. We also discuss other results, and some problems, related to this generalised Singer-Wermer theory.
A very important aspect of the theory of derivations centres on the question of innerness of all the derivations on a given Banach algebra. We give a brief overview of this theory and of the closely related results pertaining to the problem of whether all the derivations of an algebra can be made "inner" in some bigger algebra.
We shall occasionally include (easier) proofs to give some indication of the methods used in this area. Also, we shall give details of some examples where it is easy to do so.
We shall be concerned, for the most part, in this exposition only with bounded everywhere-defined derivations on Banach algebras, with only occasional references to unbounded derivations. There exists a well-developed theory of denselydefined derivations that has a wide variety of applications. The interested reader is referred to Sakai's recent book [19] for details. This book also contains an extensive bibliography. Not all derivations are inner and one of the interesting problems of the theory is to find conditions on an algebra which ensure that it has inner derivations only. (We discuss some results and open problems concerning innerness in Section 4.)
If d is a derivation on A, the condition d(ab) = adb + (da)b is, of course, an analogue of the Leibniz rule for ordinary differentiation and, as with the usual rule, it can be easily generalised, to give
This is called the Leibniz formula and will be used frequently below. Another useful and easy observation: If I is an ideal of A, then so is d(I) + I (the proof is trivial). In many cases, one can get a much stronger result. For instance, if I is a closed ideal of a C*-algebra A, then d(I) ⊆ I. For, I is the linear span of its positive elements and each such element is of the form a 2 for some a ∈ I. Hence, d(a 2 ) = ada+(da)a and therefore d(a 2 ) belongs to I. Consequently, d(I) ⊆ I, as claimed. We shall discuss in more detail below the question of invariance under derivations of certain closed ideals in arbitrary Banach algebras.
One of the earliest results (1955) in the theory of derivations is the celebrated theorem of I. M. Singer and J. Wermer [22] which asserts that every bounded derivation on a commutative Banach algebra has range contained in the radical-thus, for semisimple commutative Banach algebras, there are no non-zero derivations. We shall discuss this result in more detail in Section 2 and present a proof there (as we shall see, it is little more than an exercise in the use of the generalised Leibniz formula).
The statement of the Singer-Wermer theorem specifies that the derivation in question has to be bounded. However, it was immediately conjectured by Singer and Wermer that their result would still hold if the boundedness condition were dropped. Since, as we observed above, the proof of the Singer-Wermer theorem is very easy, it might be supposed that the unbounded case is a little harder, but not very much so. In fact, however, it is a lot harder! The conjecture of Singer and Wermer was confirmed only in 1988, by M. P. Thomas [23] ; that is, he showed that every derivation (bounded or unbounded) on a commutative Banach algebra has range contained in the radical. The proof is long and very non-trivial.
In light of the preceding remarks, two questions spring to mind, namely, do unbounded derivations actually exist and, if they do, do there exist, neverthe-less, large classes of Banach algebras on which all derivations are automatically bounded. The answer to both questions is affirmative. An early result of S. Sakai (1960) asserts that all derivations on C*-algebras are bounded (for a proof, see [13, p. 328] ). Sakai's result was extended by B. E. Johnson and A. M. Sinclair [6] , who showed that all derivations on semisimple Banach algebras are automatically bounded.
However, as is well known, unbounded derivations do exist in general. We present here an example of an unbounded derivation on a commutative Banach algebra. Our example has the merit that the radical of the algebra involved is as small as it can be if the algebra is to admit unbounded derivations-to be precise, the radical is one-dimensional (by the Johnson-Sinclair result, if the radical were zero, all derivations on the algebra would be bounded).
1.1. Example. Let A be the (commutative) Banach algebra which is the completion of the algebra of all sums
where λ, λ 1 , . . . , λ n are arbitrary scalars, e 1 , . . . , e n , . . . are fixed mutually orthogonal idempotents, and r is a fixed element such that r 2 = 0 and e j r = re j = 0 for all j. The norm is given by
It is a result of W. Bade, P. Curtis and C. Feldman that A has radical rad(A) equal to Cr and that there exists a non-closed ideal I of A such that A = I ⊕ Cr (see [1] ). Let d be the derivation on A defined by setting d(a + λr) = λr, where a ∈ I and λ ∈ C. Then ker(d) = I, so d cannot be bounded, as I is not closed in A.
We now discuss a result on invariance of primitive ideals under bounded derivations which is interesting in its own right and a very useful tool in the theory of derivations (an application is given in Section 3). The result is due to Sinclair [21] and since it is not difficult, we give its proof (incidentally, one should compare this proof with that of Theorem 2.1 below which is essentially the usual proof of the Kleinecke-Shirokov theorem). 
n ∈ I for n > 0. To see this, let us assume the result for n = k and show it for n = k+1:
It follows that in the Banach algebra A/I,
Taking nth roots of both sides and letting n → ∞, we see that the spectral radius of da + I is zero, so da + I is quasinilpotent in A/I. The obvious question arising from the preceding theorem is whether boundedness of d can be dropped in the hypothesis. The answer is not known-that is, it is unknown whether an unbounded derivation on a Banach algebra leaves all primitive ideals invariant. However, some partial results have recently been obtained in the general situation. For instance, if a primitive ideal of a Banach algebra A is infinite-codimensional in A, then it is invariant under all derivations of A. Also, if d is an unbounded derivation on A, then the set of primitive ideals of A not invariant for d is finite (but we do not know whether it is empty). For an account of these results, which are the accomplishment of a number of mathematicians, see [24] .
2. The Singer-Wermer theorem and related results. In this section we discuss some generalisations of the Singer-Wermer theorem and the relationship of this theorem to certain other results, in particular, to the well known theorem of D. C. Kleinecke and F. V. Shirokov.
Let d be a bounded derivation on a Banach algebra A. It was observed by I. Kaplansky [7] that we may always regard d as "inner" in a bigger algebra. More precisely, there is a Banach algebra B containing A as a closed subalgebra and there exists an element b ∈ B such that d(a) = [a, b] for all a ∈ A. To see this, note first that if A is non-unital, then we may extend d to a bounded derivation on the unitisation of A by setting d(1) = 0. Thus, we may assume that A is unital. Now take B to be the Banach algebra of all bounded linear operators on A and embed A isometrically in B via the left regular representation. We can now take b = −d ∈ B to complete the proof.
This trick of realising d as inner in a bigger algebra is useful in some contexts. For example, we can use it to see that the Kleinecke-Shirokov theorem implies the Singer-Wermer theorem. First, recall that the former theorem asserts that if a and b are elements of a Banach algebra such that [a, [a, b] [8, 20] . To see how one can deduce the Singer-Wermer theorem from this, let d be a bounded derivation on a Banach algebra A and suppose that a is an element of A such that [a, da] = 0. Choose a Banach algebra B containing A as above such that there is an element b ∈ B for which d(c) = [c, b] for all c ∈ A. Then [a, [a, b]] = 0, so by the Kleinecke-Shirokov theorem, [a, b] = da is quasinilpotent. As the radical is just the set of quasinilpotent elements in the commutative case, this result clearly implies the Singer-Wermer theorem and can be thought of as a "local" version of it. (For more along these lines, see [10] .)
It does not appear to be known whether the condition [a, da] = 0, for a given element a of A, implies that da is quasinilpotent in the case that d is unbounded. However, it has recently been shown by M. Mathieu and V. Runde [11] and by M. Brešar and J. Vukman [3] that if [a, da] = 0 for all a ∈ A, then the range of d is contained in the radical of the algebra (with no assumption of boundedness of d).
We complete our discussion of this circle of ideas by proving a result on bounded derivations that gives both the Kleinecke-Shirokov and Singer-Wermer theorems as immediate consequences.
2.1. Theorem. Let d be a bounded derivation on a Banach algebra A and suppose that a is an element of A such that d 2 (a) = 0. Then da is quasinilpotent.
P r o o f. Simple inductions using the Leibniz formula repeatedly show that the condition d
2 a = 0 implies that d n+1 (a n ) = 0 and hence d n (a n ) = n!(da) n for all positive integers n.
−1/n d a , so da has spectral radius equal to zero.
A special case of Theorem 2.1 is that in which d is the inner derivation defined by db = [a, b] (b ∈ A). The result then shows that if [a, [a, b]] = 0, then [a, b]
is quasinilpotent; that is, the Kleinecke-Shirokov theorem is a special case of Theorem 2.1. Hence, the Singer-Wermer theorem follows from Theorem 2.1 also, since, as we observed above, it is a consequence of the Kleinecke-Shirokov theorem. The proof of Theorem 2.1 given above is essentially just a slight adaptation of the proof of the Kleinecke-Shirokov theorem. Alternatively, if one prefers, one may easily deduce Theorem 2.1 from the Kleinecke-Shirokov theorem by using Kaplansky's trick.
If one drops the assumption that d is bounded in the hypothesis of Theorem 2.1, the result-that da is quasinilpotent-remains true. This was shown recently by Thomas [24] . The proof is not easy.
3. Derivations mapping into the radical. We showed in the preceding section that if d is a bounded derivation on a Banach algebra A such that [a, da] = 0 for all a ∈ A, then da is quasinilpotent for all a ∈ A. In fact, more can be said, for if a derivation on A (bounded or unbounded) has range contained in the set of quasinilpotent elements, then the range actually lies in the radical. This is a recent result due to Yu. V. Turovskiȋ and V. S. Shul'man [25] . The proof of the bounded case given in [10] illustrates nicely some of the techniques used in this context, so we present it here. rad(A) , since the radical is the intersection of all the primitive ideals. Thus, to prove the theorem, we may suppose that A is primitive. We may therefore regard A as acting irreducibly as an algebra of bounded operators on a Banach space X.
If x ∈ X, a ∈ A and a(x) = 0, we claim that da(x) = 0. For if not, then irreducibility of A implies that there exists an element b of A such that bda(x) = x. Hence, d(ba)(x) = bda(x) + (db)a(x) = x, so 1 is an eigenvalue of d(ba), contradicting the fact that d(ba) is quasinilpotent.
We now claim that for any x ∈ X and a ∈ A, the vectors a(x) and da(x) are linearly dependent. For if not, then by the Jacobson density theorem, there exists an element b ∈ A such that ba(x) = 0 and bda(x) = −a(x). By the preceding paragraph, d(ba)(x) = 0 and therefore (db)a(x) = (d(ba) − bda)(x) = a(x), so 1 is an eigenvalue of db, a contradiction.
If now a is an invertible element of A, then by what we have shown, there exists for each element x of X a scalar λ(x) such that da(x) = λ(x)a(x). This implies that a −1 da = λ, for some scalar λ. However, because da is not invertible and a is, it follows that λ = 0. Thus, we have shown that da = 0 for all invertible elements a of A, from which it is immediate that d = 0.
Note that the preceding theorem extends an earlier result of Pták [14] , who proved the theorem in the case of inner derivations.
We mention also a recent result of M. Brešar [2] that also belongs to this circle of ideas. Denoting by r(·) the spectral radius, he shows that if d is an inner derivation of a unital Banach algebra A such that there is a positive number M for which r(da) ≤ M r(a) for all a ∈ A, then the range of d is contained in the radical of A. Brešar conjectures that the result holds for arbitrary bounded derivations ( 2 ). J. Zemánek has also posed an interesting question relating to this context, namely, if d is a derivation of a unital Banach algebra A such that sup a r(a −1 da) is finite, where a varies over the invertible elements of A, is the range of d necessarily contained in the radical. He shows that the answer is affirmative in the case that d is an inner derivation [26] 
3 ).
Conditions implying innerness of derivations.
In this section we consider the question whether all derivations on a given algebra A are inner, or can be made "inner" in a bigger algebra. We shall confine ourselves here to C*-algebras, where a deep and extensive theory has been developed.
Suppose now that A is a C*-algebra. We consider first the question whether every derivation of A is inner. There are two important cases in which the answer is affirmative: firstly, when A is a W*-algebra (a W*-algebra can be characterised as a C*-algebra which is isometrically linearly isomorphic to the dual space of a Banach space) and secondly, when A is a unital simple C*-algebra (a simple C*-algebra is one having no non-zero proper closed ideals). Both results are due to Sakai [16, 17, 18] .
However, it is not true, in general, that all derivations on a C*-algebra are inner and it is easy to give counter-examples. For instance, let H be an infinitedimensional Hilbert space and let B(H) and K(H) denote the C*-algebras of all bounded and compact operators on H, respectively. Choose any operator u ∈ B(H) not belonging to K(H) + C1. Then it is easily verified that the derivation d on K(H) defined by setting dv = [v, u] for all v ∈ K(H) is not inner. Note also that K(H) is simple (but not unital). However, it is the case that for any derivation d on K(H), there exists an element u of B(H) such that dv = [v, u] for all v ∈ K(H). This is a special case of another result of Sakai [18] which asserts that if A is a non-unital simple C*-algebra and M (A) is its multiplier algebra, then for each derivation d of A, there exists an element b of M (A) such that da = [a, b] for all a ∈ A. (For the definition and elementary properties of the multiplier algebra, see [12, 13] . In the case A = K(H), we have M (A) = B(H).) For other results on "innerness" in the multiplier algebra, see [13, Section 8.6] .
It is useful, at this point, to slightly extend the definition of a derivation. Let A be a C*-subalgebra of a C*-algebra B. If d is a bounded linear map from A to B such that d(a 1 a 2 ) = a 1 da 2 + (da 1 )a 2 for all a 1 , a 2 ∈ A, we call d a derivation. By the Gelfand-Naimark representation theorem, each C*-algebra A can be regarded as a C*-subalgebra of B(H) for some Hilbert space H, so it is natural to pose the question whether every derivation d : A → B(H) is inner; that is, does there exist an element b ∈ B(H) such that da = [a, b] for all a ∈ A. The answer to this question is not known, even for the case that A is a von Neumann algebra on H (though the answer is known, and affirmative, for certain large classes of von Neumann algebras). There is a very nice result due to E. Christensen [4] which gives a reformulation of this problem in terms of complete boundedness. To define the latter concept, we need to recall firstly that for each C*-algebra A, the algebra M n (A) of all n × n matrices with entries in A can be endowed with a unique norm making it a C*-algebra, and secondly that each linear map ϕ from A to a C*-algebra B has an inflation ϕ n from M n (A) to M n (B) defined by setting ϕ n (a ij ) = (ϕ(a ij )). We say that ϕ is completely bounded if all the inflations ϕ n are bounded and sup n ϕ n < ∞. Christensen's reformulation is the following result. This result therefore gives a connection with the flourishing area of completely bounded maps. For nice expositions of this result and related matters and of the theory of completely bounded maps, see [5, 9] .
